Scientia Magna 
Vol. 14 (2019), No. 1, 9-17 


A survey on Smarandache notions in number 
theory VII: Smarandache multiplicative function 


Yuchan Qi 


School of Mathematics, Northwest University 
Xi’an 710127, China 
E-mail: ycqimath@163.com 


Abstract In this paper we give a survey on recent results on Smarandache multiplicative 
function. 

Keywords Smarandache multiplicative function, sequence, mean value. 

2010 Mathematics Subject Classification 11A07, 11B50, 11L20, 11N25. 


§1. Definition and the mean value properties of the Smarandache multiplicative 
function 

For any positive integer n, f(n) is called a Smarandache multiplicative function if f(ab) = 
max(f(a), f(d)), (a,b) = 1, and ifn = pf! pS? --- pp* is the prime powers factorization of n, then 


f(n) = max {f(py")}; (1.1) 


<i<k 


for any prime p and any positive integer a, f(n) is a new Smarandache multiplicative function 
if f(p*) = ap. That is 


f(n) = max {f(p?*)} = max {aipi}. 


1<i<k 1<i<k 
J. Ma [11]. For any real number x > 2, we have the asymptotic formula 


ng? x? 
Li= FF +0( 


In? 2 
n<x 


Y. Liu, P. Gao [10]. A new arithmetical function Pa(n) is defined as 
a(n) 


Pa(n) =[[d=n Te 
dl 


where d(n) = iin 1 is the Dirichlet divisor function. For any real number x > 2, we have the 


asymptotic formula 


n* x x x 
¥ fran) =F +e 5 +0( y: 


n<ux 


_ 5rt 1 co §6od(n)Inn . 
where C = 355 + 5 Donat — pz 18 @ constant. 


10 Y. Qi No. 1 


X. Zhang [24]. For any integer n € Nt, n is named as a simple number if the product 
of all proper divisors of n is no more than n. Now let A be a simple number set, that is 
A = {2,3,4,5, 6,7, 8,9, 10,11, 13, 14,15,17,19,21,...}. For any real number x > 2 we have the 
asymptotic formula 


x? x? 27 9x?/8 x? 
> f@) = Diz + De ! ! -o( ). 


In?x me 2iIne 


n<ux 
neEA 


where D,, Dz are computable constants. 
W. Xiong [19]. Let OF (N) denotes the number of all integers 1 < k <n such that f(n) 
is odd, EF(n) denotes the number of all integer 1 < k <n such that f(n) is even. For any 


positive integer n > 1, we have the asymptotic formula 


EF(n) _ O 1 
OF(n) Inn} - 
From the formula above, it can be immediately deduced the following 
im 
noo OF (n) 


J. Li [6]. For any real number x > 1, we have the asymptotic formula 


2 
+0(e4 ) 


S- mies Ing ln* x 
neN 
f(n)<a 
si 1 
where c = SS fate) is a constant. 
n(n +1) 


n= 
Z. Feng [1]. A natural number n is of the k-full number if for any prime p, p|n implies 
p® | n. Let Ay be a simple number set, for any real number x > 2 we have the asymptotic 


formula 


2 2 2/3 2 
x Mh 22 9x x 
=C Cc + O ; 
pS P(r) ‘ie 7 in? ine Olne ( ) 
n<ax 
neAr 
where C,C2 are computable constants. 
Y. Men [12]. Let Smd(n) = Yan OE for any real number x > 1, when n 4 1,24, we 
have 
(1). [fm = pi" ps? ---p$ep, ptt < ps? <--> < pgs <p, and p, pili = 1,2,...,8) are 
primes, then Smd(n) is not a positive integer; 
(2). Ifn = pipo+++DPs, pi < po <+++< Ds, pi(t =1,2,...,8) are primes, then Smd(n) is 
not a positive integer. 
R. Guo and X. Zhao [2]. 1. For any real number x > 1 and any fixed positive integer 


k > 2, we have the asymptotic formula 


So A(n)f(n) = “y 2 +0 ( = ) | 


k 
ee In* x 
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where A(n) is the Mangoldt function, c;(¢ = 1,2,...,&) are computable constants and cy = $. 
2. For any real number x > 1 and any fixed positive integer k > 2, we have the asymptotic 


formula 


where S(n) is the famous Smarandache function, S(n) = min{m :m € N,n | mi}, a(¢ = 
1 

2° 

For any positive integers m and n, an arithmetical function h(n) is defined as follows 


1,2,...,k) are computable constants and cy = 


(m,n) = 1 => h(mn) = max{h(m), h(n)}. 


If n = p}'ps?---py* is the prime powers factorization of n, defining 


1 
h(1) =1,h(n) = max {=}, (1.2) 

then h(n) is also a Smarandache multiplicative function. 
J. Zhang and P. Zhang [22]. 1. For any real number x > 1, we have the asymptotic 


formula 


1 
S- h(n) = 5 -2+O(z2). 
n<u 
2. For any real number x > 1, we have the asymptotic formula 


PV" od) C8) oe 
X (Ho -5) = 35° Gey VETO 


n<ux 


where ¢(n) is the Riemann Zeta-function. 


The Smarandache multiplicative function g(n) can also be defined as follows 


g(1) = 0, (m,n) = 1 = g(mn) = min{g(m), g(n)}- (1.3) 
Ifn= pe pe -..p'r is the prime powers factorization of n, then 
— : ty 
g(m) = min {f(pi")t, (1.4) 


specifically let g(p') = min{t, p}, then g(n) is a new Smarandache multiplicative function. 
Z. Ren [13]. For any real number x > 1, we have the asymptotic formula 


Lanes “e O10 a) : ue 


) + O(xat*), 


where X is any fixed positive number. 


L. Li [8]. 1. For any positive integer n, ifn = pipe ---p'r is the prime powers 
factorization of n, let \= max {t;},7=1,...,r and 
1<i<r 
F(1) =1,F(n) = mi — (1.5) 
— n) = min {——} = —— ; 
, 1<i<r t; +1 A+1? 
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then F(n) is a Smarandache multiplicative function. For any real number x > 1, we have the 


asymptotic formula 


S Fa)= qt tole), 


nN<ax 
2. For any real number x > 1, we have the asymptotic formula 


S- Go = a) = ovat O(25). 


nN<ux 


T. Zhang [23]. Let p be a prime and for any positive real number m, Uy,(n) is defined 

as follows 
U(1) = 1,Um(p*) = p* +m, (1.6) 
ifn = pips? ---p,* is the prime powers factorization of n, Um(n) is defined as Up»(n) = 


Um(pt')-+:Um(py"). For any real number x > 1, we have the asymptotic formula 


1 2 m B4e 
do Unln) = 52 G+ sr) +e cap 


n<u 


X. Wang [18]. Let I(n) be the multiplicative function such that for any prime p and any 


integer a > 1, one has 


then we have 


S> I(m)I(n) = Cx? + O(n? **), 


mn<x 


where C' is an explicit constant. 
L. Wang [16]. Let No > 1 be a fixed integer and for the multiplicative function I(n), we 


have 


No 
S- I(n) = 23 log? 703 clog‘ « + O(log N°! »)) ; 


n<u i=l 


where c;(i > 1) are computable constants. 
§2. Some hybrid mean values involving the Smarandache multiplicative func- 


tion 


Y. Yi [21]. For any prime p and positive integer a, the Smarandache multiplicative 
1 


function f(n) is defined as f(p%) = pa. Let n = pt ps? ++: pe” is the prime powers factorization 
of n, then from the definition of f(p%) we have 


f(x) = max (00%) = max {oP} 


1<i<r 1<i<r 
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For any real number x > 3, we have the asymptotic formula 


S> (f(n) = P(n))? = BOE of - | 


3lnz 


n<ux 


where ¢(n) denotes the Riemann zeta-function and P(n) is the greatest prime divisor of n. 
W. Lu and L. Gao [9]. For any real number x > 3 and any real number or complex 
number a, we have the asymptotic formula 
+3 2a+3 2a+3 r iS 2a+3 2a+3 
C(a@ + 3)¢(2a + 3)a Ss Ci x -of = 
] 1 


2 ban) (f(r) — P(n))” = Sa 


nv 


n<u 1=2 


where ¢(n) denotes the Riemann zeta-function and all c; are computable constants. 
Ot . Os 


H. Shen [14]. For any positive integer n, ifn = p{'p5?---p2" is the prime powers 
factorization of n, the Smarandache multiplicative function V(n) is defined as follows 


V1) =1,V(n) = Ie NPL, 6.2 Up Dr}. (2.1) 


For any real number x > 1 and any fixed positive integer r, we have the asymptotic formula 


FT vim—pmy=at PS (5) 


a 
n<a“ i=1 In'a 


where p(n) is the least prime divisor of n and all c; are computable constants. 


H. Liu and W. Cui [3]. Let n> 1 is a positive integer, we have the asymptotic formula 


. xa; x 
V = —+0O ; 
EVewpln) = Ye +O( ars) 


where all a;(t =1,...,r) are computable constants. 


§3. Mean values involving the Smarandache-type multiplicative function 

The Smarandache-type multiplicative function C;,(n) is defined as the m-th root of the 
largest m-th power dividing n, Jm(n) is denoted as m-th root of the smallest m-th power 
divisible by n. 

H. Liu and J. Gao [5]. 1. For any integer m > 3 and real number x > 1, we have 


2. For any integerm > 1 and real number x > 1, we have 


he 72 : pom | 3 prt punt nite 
¥ int) = sey [+ FH ayaa | FO 


nN<ux Dp pent 


H. Liu and J. Gao [4]. 1. For any integer m > 3 and real number x > 1, we have 


S~ A(n)Cm(n) = 2 + o( 22). 


n<u 
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where A(n) is the Mangoldent function. 
2. For any integer m > 2 and real number x > 1, we have 


S5 A(n) Jm(n) = 2? + o(;<.). 


n<u 


The Smarandache-type multiplicative function K,,(n) is the largest m-th power-free num- 
ber dividing n, L,,(n) is denoted as: n divided by the largest m-th power-free number dividing 
n. That is, ifn = p{*p$?---pz* is the prime powers factorization of n, it follows that 


Km(n) = pips? pe, 


Lm (1) = py P2? Dees 
where 8; = min(a;,m — 1), 7; = max(0,a; — m+ 1) 
C. Yang and C. Li [20]. 1. Let m > 2 is a given integer, then for any real number 


xz >1, we have 


2 


Ek snl gta) CH") 


na Pp 


2. Let m > 2 is a given integer, then for any real number x > 1, we have 


. zy ~ ay H+ eave) +(e"): 


Pp 


where ¢(s) is the Riemann Zeta-function. 
J. Wang [15]. The asymptotic formula 


es xm I] (: esr 7) : o(sitterat) 


n<x Pp 


holds, where co is an absolute positive constant and 5(x) = (log x)/* (log log x)~ 1/5. 


For any fixed positive integer n with the normal factorization pf''p>?---pe*, (1 <i<-k), 
the Smarandache-type multiplicative function Fy,(n), Gm(n) are denoted as 


ee 1, if a= mk, 
Fim (p; 2) = : 
pi’, otherwise . 
and 
a 1, if a; =mk, 
Gim (Pf a) = 


pi, Otherwise . 


J. Li and D. Liu [7]. 1. For any integer m > 2 and real number x > 1, we have 


YS Fin(n) = Se meen Ren Dem oem), 


72 
n<u 
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where € be any fixed positive integer,and 


1 1 
R(m+1)= II (1 oe oe ==) : 
, Pp +p Pp +p 


2. For any integer m > 2 and real number x > 1, we have 


> Gim(n) = ¢(2m) R(2)x? + O(x2t®), 


n<ux 


where 


1 a 
R(2) = I] (1 2 2m—1 — ; 
3 po+p p +p 


M. Wang [17]. 1. For any integer m > 2, A be a set without m-th power factor number, 


we have 


6¢(m + 1)a™t? 1 1 m+h—e 
So Fin(n) = 7 Ile pr-l4 pm pm? 4 pm?-1 Tea Ne 


na Pp 
neEA 


where € be any fixed positive number. 


2. For any positive integer m > 2, A be a set without m-th power factor number, we have 


1 1 3 
ys; Gri) =a I] (1 2 m Im—1 mm | + o(e?), 
Fs pe +p 7 + p 


nN<u 
neEA 
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